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Abstract
This article formally proves the existence of an enduring incon-
gruence pervading the orthodox interpretation of the Bell inequality
and explains how it can be rationally avoided with a natural assump-
tion justified by an explicit reference to the mathematical properties
of Bell’s probabilistic model. Although the amendment does not alter
the relevance of the theorem regarding local realism, it rescues physical
nonlocality from the realm of philosophical discussions about counter-
factual conditionals, demands a more careful analysis for the rejection
of Einstein’s realism, and hints at a possible overlooked loophole.
1 Introduction
The interpretation of Bell theorem is contentious, some claim it proves the
nonlocality of nature while others assert that quantum theory is immune to
such claims and that nature is local and compatible with relativistic princi-
ples.
The purpose of this letter is not to contribute to that old polemic but
to advocate for the logical consistency of the Bell theorem and correct an
orthodox view that spoils such consistency producing unnecessary confusion.
The problem we want to address started in 1971 when Henry Pierce Stapp
[1] introduced the hypothesis of counterfactual definiteness(CFD) to prove
the Bell inequality(BI) . The scientific community readily adopted this form
of counterfactual reasoning not noticing John Bell’s original proof does not
assume it.
Although the subject is usually fraught with interpretational and philo-
sophical burden, we show that CFD presents concrete problems that can be
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objectively stated closing a long-standing philosophical debate [2–15] about
the limitations introduced by the use of subjunctive conditionals at the level
considered by H. P. Stapp and that, contrary to widespread beliefs, the prob-
lem is completely unrelated to the “quantumness” or “classicality” of the
argument.
2 Derivation of the Bell Inequality
We succinctly review a derivation of the deterministic version of the Clauser,
Horne, Shimony, Holt (CHSH) [16] form of the Bell inequality.
The main assumptions are locality, measurement independence(MI), and
realism. While realism was considered by Bell and by Einstein, Podolsky, and
Rosen(EPR) [17] as a consequence of locality [18–21], others consider it an
independent assumption [22–25], however, this polemic is not important for
our discussion. For the sake of definiteness we assume here that Bell theorem
concerns local realism(LR) and not just locality. MI is the assumption that
the distribution function ρ of the hidden variables is independent of the device
setting variables, while local realism justifies the existence and form of the
following functions:
• A(ai, λ): spin value (±1) measured by Alice in dir. ai; i ∈ {1, 2}
• B(bk, λ): spin value (±1) measured by Bob in dir. bk; k ∈ {1, 2}
The correlation term is given by
E(ai, bk) =
∫
ρ(λ)A(ai, λ)B(bk, λ) dλ ; i, k ∈ {1, 2} (1)
By adequately adding the correlation terms
S = E(a1, b1)− E(a1, b2) + E(a2, b1) + E(a2, b2) (2)
=
∫
ρ(λ)C(λ) dλ (3)
|S| ≤
∫
ρ(λ) |C(λ)| dλ (4)
≤
∫
ρ(λ) 2 dλ (5)
≤ 2
∫
ρ(λ) dλ (6)
≤ 2 (7)
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The term C(λ) in (3) is given by
C(λ) = A(a1, λ)B(b1, λ)−A(a1, λ)B(b2, λ) +A(a2, λ)B(b1, λ) +A(a2, λ)B(b2, λ) (8)
The last equation is crucial for the derivation and a frequent source of
bewilderment because it is necessary to have the same value of λ in the four
addends of (8) to properly factorize the equation and find the bound of 2 for
|S|. Although we only discuss deterministic hidden variable models, basically
the same problem is present in stochastic models.
3 Emergence of CFD
There are three different ways to deal with the appearance of (8) in the
derivation of the Bell inequality.
3.1 Not Performed Experiments
There is a universal agreement on the impossibility to experimentally re-
produce the terms contained in (8) by four consecutive experiments. This
impossibility suggests interpreting it as containing counterfactual results [1]:
“Of these eight numbers only two can be compared directly to experiment.
The other six correspond to the three alternative experiments that could have
been performed but were not”.
3.2 Impossible to Perform Experiments
There is another common and equally inappropriate, although slightly dif-
ferent, assessment of (8) that brings in irreproducibility issues in the form of
mutually incompatible or exclusive experiments. In this case (8) is supposed
to imply the simultaneous unrealizable measurements of the spin of a single
particle in two different directions.
Recently Joy Christian [26,27], adopting this interpretation of (8), called
it “Surprising oversight in the derivation of the Bell-CHSH inequalities”.
According to Joy, given this serious conceptual oversight, Bell’s theorem does
not even deserve to be considered a mathematical theorem in the strict sense
of the word. We agree with Joy Christian in that this interpretation implies
a serious conceptual oversight, however, it is unfair to ascribe it to John
Stewart Bell.
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The view that the BI demands incompatible experiments1 is not uncom-
mon and is accepted by both, critics [31, 32] and supporters [20, 33] of the
Bell theorem.
3.3 Avoid to Consider it
A third option to deal with (8) is to avoid any special consideration of its
presence not mentioning the alleged need of counterfactual results.
Indeed, (8) naturally emerges when we pass from (2) to (3) as a con-
sequence the properties of the mathematical model, more specifically, its
presence can be traced back to the fact that the distribution function ρ of
the hidden variables is independent from the device setting variables, i.e., it
is a consequence of MI.
One could be tempted to think that the consideration of counterfactual
results is optional, either trivially implied by LR or as an independent hy-
pothesis. We shall prove that a more careful analysis shows that this is not
the case, and that CFD is physically untenable.
4 LR does not imply CFD
One common motivation to introduce CFD for proving the CHSH inequality
is the claim that realism implies it. Fortunately, this claim can be mathe-
matically proved to be incorrect2. The Appendix contains a theorem proving
that
LR ¬ −→ CFD (9)
Unfortunately, (9) does not close the case of CFD in the Bell theorem because
it can be postulated as an independent hypothesis.
1We can even find theoretical analysis of such incompatible experiments [28, 29], how-
ever, even if experimentalists ever come up with a method to measure simultaneously in
both directions, then we would be talking about of a different experiment and not a Bell
inequality test [30].
2At least in the form it is applied to prove the BI.
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5 CFD as an Independent Hypothesis
When CFD is postulated as an independent hypothesis some other physically
relevant assumption is usually postulated along with it, like locality or free
will. However, corollary 1 of theorem 1 proves that any other hypothesis
besides CFD is superfluous, i.e., CFD by itself is enough to prove the BI,
CFD −→ BI (10)
This smacks of tautology and makes CFD suspiciously self-sufficient, how-
ever, its advocates could claim that CFD implies LR so that experimental
violations of the inequality would prove that LR cannot hold.
Even accepting the claim that CFD would imply LR, we shall see that con-
crete elementary reasons show that CFD conflicts with the scientific method
and the usual rigor characteristic of the factual sciences and that, contrary to
widespread beliefs, the problem bears no relation whatsoever with differences
between quantum and classical reasoning.
6 The Untenability of CFD
Bell theorem is characterized by two landmarks; it analytically proves that
EPR’s hopes to complete quantum mechanics with local hidden variables
without changing its statistical predictions is not possible, and opens the
possibility to experimentally falsify quantum mechanics against local hidden
variables.
The difference between predictability and reproducibility becomes im-
portant when considering the experimental protocols and the fact that the
relevance of Bell’s result, as opposed to the EPR reasoning, resides in the
falsifiability of his inequality.
An experiment set out to test a theoretical result requires protocols de-
signed to reproduce as close as possible the conditions under which the the-
oretical prediction was obtained. When the experiment fails to reproduce
those conditions properly, such an experiment is not considered to have fal-
sified the theoretically predicted outcome.
The lack of exact reproducibility of theoretical conditions introduced by
issues such as detectors inefficiencies and missing counts are minor problems
compared to the irreproducibility implied by CFD, casting doubts on the
testability of the Bell inequality.
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Although BI tests evolved throughout the years, to our knowledge, none of
them, including the famous 2015 loophole-free experiments [34–36], include
protocols designed to replicate what is impossible to perform or what is
supposed not to have happened in the first place.
Of course, we can loosely assume that counterfactual results are hopefully
statistically even out by some unspecified mechanism. However, such an
assumption, unless well justified either by an experimental protocol or a
theoretical hypothesis, is unacceptable by the usual standards of rigor proper
of the factual sciences.
The reasons presented above for dismissing the use of CFD in the proof
of the BI, at least if it is going to be considered falsifiable, are according to
the standard rules of rigor used in the factual sciences and are beyond any
interpretational or philosophical bias.
7 Experimental Protocols and Falsifiability
The correct derivation of the Bell inequality starts by writing (2) not (8)3,
and the correct interpretation requires that the experiment should allow us
to obtain (2) not the rest coming after that equation in the derivation.
Contrary to a common view, the obtention of (2) does not imply simul-
taneous measurement of incompatible experiments, if true that would turn
the inequality experimentally irreproducible and this fact has nothing to do
with quantum mechanics or classical physics.
When (2) is correctly interpreted, its obtention only requires the repeti-
tion of individual experiments measuring the “clicks” A′(ai) and B
′(bk) for
each singlet state. Table 1 shows a summary of the actual data that would be
obtained in an idealized experiment with 100% percent detection efficiency.
The value found for |S| falsifies everything assumed in the derivation appear-
ing after (2) including the infamous expression (8), and although we never
claimed that it includes results of impossible experiments, we refrained from
explaining how it would be experimentally replicated.
This attitude of “sweeping under the rug” what might be problematic is
similar to the usual attitude of implicitly admitting that CFD justifies the
reproducibility of impossible experiments.
The truth of the matter is that even those who avoid any explicit refer-
ence to counterfactual results, never mention what is the hidden assumption
3A common error inducing practice starts the derivation with (8), see Ref. 37.
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Event# A’s result B’s result A’s setting B’s setting λ
1 +1 −1 a1 b1 unknown
2 −1 −1 a2 b2 unknown
3 −1 +1 a2 b1 unknown
...
...
...
...
...
...
Table 1: Experimental Results
allowing the appearance of (8) in the derivation. One reason could be that
MI naturally leads to its emergence as mentioned in sec. 3.3.
However, given that (8) is such a crucial step in the derivation and, on
the other hand, it has caused interpretational problems, it is important to
explicitly interpret and justify its appearance from a physical stand point, or
more specifically: how is the experimentally collected data supposed to form
groups as shown in (8) justifying the result would not surpass the limit value
2?; there are two possible answers:
Orthodox view: counterfactual results are somehow conveniently
reproduced by actual experiments or hopefully statistically even
out by some undetermined mechanism.
Physical Interpretation: After the experiment has been run
for a sufficiently long time, the values of λ are supposed to be
randomly and uniformly repeated for the different settings used
in the experiment. This constitutes a statistical regularity as-
sumption that Willy De Baere [38, 39] termed the reproducibility
hypothesis4.
The reproducibility hypothesis is not an ad hoc convenient assumption but is
one physical consequence of MI, validating the rearrangement of the actual
registered data in four groups as in (8) without the need to assume the
unjustified materialization of counterfactual results.
8 Oversight Loophole?
The reproducibility hypothesis rationally justifies the presence of (8) in the
derivation and is a direct consequence of MI. Violation of MI was investigated
4Ironically, while De Beare used his hypothesis to reject the Bell theorem, we use it for
saving it.
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[40–43] as connected exclusively with the experimenters’ free will of choosing
their measurement settings. Also experiments were performed directed to
closing the free will loophole [44, 45].
From a physical point of view we have seen that MI is also related to the
reproducibility hypothesis and the question naturally arises of whether local
realism can violate the inequality because of the failure of the reproducibility
hypothesis.
For instance, one can argue that if the hidden variables belong to a contin-
uous spectrum, then it would be impossible for them to be exactly reproduced
in actual discrete experiments compromising the attainability of (8).
One could reason, however, that an exact reproducibility of hidden vari-
ables is not necessary, for instance, we can conceive the classical deterministic
functions A(ai, λ) and B(bk, λ) as piecewise continuous step functions so that
a sufficiently approximate reproducibility would suffice.
On the other hand, we could think of the classical deterministic functions
as completely discontinuous, and although this presents problems with Rie-
mann integrability, we can argue that in real life we only use discrete sums,
thus the failure of the reproducibility hypothesis could be a problem.
9 Conclusions
John Bell’s notable breakthrough was to replace EPR’s thought experiment
by another one which does not involve irreproducible situations so that it
could be experimentally tested. Surprisingly, this turned out to be a very
subtle point. Emulating Bell’s expression with regard determinism [46], it is
remarkably difficult to get this point across, that incompatible experiments
are not a presupposition of the analysis.
Although CFD is a valid principle for philosophical discussions, we have
shown that when used to prove the BI it conflicts with basic standards of
rigor and falsifiability as applied to the physical sciences. This does not mean
that a theory cannot make counterfactual predictions, it means that those
predictions may turn out to be unfalsifiable.
This situation has led to missing part of the content of the hypothesis of
MI as implying the reproducibility hypothesis besides the free will. While the
latter has been given much attention in the literature, the omission of any
explicit reference to the statistical regularity or reproducibility hypothesis has
produced interpretational problems.
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The adoption of the reproducibility hypothesis instead of the inconsistent
use of CFD urges a more careful analysis for rejecting Einstein’s realism
than the perfunctory attitude revealed by the celebrated dictum unperformed
experiments have no results [47] and opens the possibility of the existence
of a theoretical loophole for a local realistic explanation of violations of the
Bell inequality.
Appendices
A Local Realism does not imply CFD
To prove that CFD is not implied by local realism, we shall use a local realistic
model that violates the Bell inequality, then we apply CFD and find that it
predicts that the Bell inequality is not violated. The obvious conclusion is
that neither realism nor locality validates the use of CFD.
Theorem 1. Local realism does not imply CFD.
Proof. Following a model given by Michel Feldmann [48] and adapting his
notation to the one we used in sec. 2 with λ ∈ [0, 2pi]
A(ai, λ) = sgn(cos(λ− ai)) (11)
B(bi, λ) = sgn(cos(λ− bi)) (12)
ρ(λ, u) =
1
4
| cos(λ− u)| , where u = ai or u = bi (13)
In Feldmann’s model ρ depends only on one setting but this does not intro-
duce any ambiguities because his consistency equations are fulfilled
E(ai, bk) =
∫
2pi
0
ρ(λ, ai)A(λ, ai)B(λ, bk)dλ =
∫
2pi
0
ρ(λ, bk)A(λ, ai)B(λ, bk)dλ (14)
∫ 2pi
0
ρ(λ, ai)A(λ, ai)dλ =
∫ 2pi
0
ρ(λ, bk)A(λ, ai)dλ = 0 (15)
With these definitions it is easy to compute
E(ai, bk) = cos(ai − bk) (16)
Feldmann’s model is not a counterexample for the Bell theorem because it
violates MI, however, it is a local realistic model that reproduces the quan-
tum mechanical correlations(except for the sign) thus violating the CHSH
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inequality; really, for certain appropriate settings it is known that (16) im-
plies
|S| = 2
√
2 (17)
Let us assume CFD to predict the bound of the Bell inequality for this
model. Defining “an event” as the generation of each pair we can define the
following mathematical expression associated with event #j5
sj = A
(1)
j B
(1)
j −A(1)j B(2)j + A(2)j B(1)j + A(2)j B(2)j (18)
where
A
(r)
j B
(s)
j = A(λj, ar)B(λj , bs) (19)
Each event generates only one term contained in (18), the other three are
results of experiments that could have been performed but were not. We also
have
sj = A
(1)
j
(
B
(1)
j −B(2)j
)
+ A
(2)
j
(
B
(1)
j +B
(2)
j
)
(20)
sj = ±2 (21)
From (18) and (21)
< sj > = < A
(1)
j B
(1)
j > − < A(1)j B(2)j > + < A(2)j B(1)j > + < A(2)j B(2)j >
| < sj > | =
∣∣∣∣∣
1
N
∑
j
sj
∣∣∣∣∣ (22)
| < sj > | ≤ 2 (23)
lim
N→∞
| < sj > | ≤ 2 (24)
|S| ≤ 2 (25)
The contradiction between (17) and (25) mathematically proves that local
realism does not imply CFD.
Corolary 1. CFD alone implies the Bell inequality.
Proof. The addition of the three counterfactual terms to the actual result in
(18) leads to (20) and (21) therefore, it is responsible for lowering the bound
of the inequality to the value 2 whatever the result of the actual term. This
means in a Bell-CHSH type experiment the use of CFD by itself is sufficient
to prove the inequality irrespective of any other additional hypothesis.
5We are following Eberhard [49]; the method is typical of authors accepting CFD.
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